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SOLUTIONS OF PROBLEMS. 
430 (Algebra) [March, 1915]. Proposed by V. M. spunab, Chicago, Illinois. 

Solve the following equations algebraically and graphically: 

x" + yf = xy, x x + yv — x + y. 



Solution by A. A. Bennett, University of Texas. 

There is no pair of real values, with the doubtful exception of (0, 0), which furnishes a simul- 
taneous solution to the two equations given. 

The equations being transcendental no "algebraic" solution is attempted. The discussion 
here is analytical, supplemented by a graph. 

In examining the second of the above equations, it is convenient to distinguish three types of 
real values, viz., (A), the type in which the variable 
has any positive real value; in both (B) and (C) are 
considered only negative and rational numbers when 
written as irreducible fractions; in (B) the numerator 
of such fractions is even, while in (C) it is odd. Irra- 
tional negative values or rational negative values which 
when reduced to lowest terms have even denominators 
cannot appear among real solutions. 

The following graph is liable to misinterpretation 
and will be qualified. 

In the first quadrant there is a single point, (1, 1). 

In the second quadrant, the graph is discontinu- 
ous, x being of type (C) and y of type (A). An infi- 
nite number of points certainly exist satisfying the 
equation. 

In the fourth quadrant, x is of type (A) and y of 
type (C). Above remarks apply by symmetry. 

In the third quadrant there are three branches to consider: (i) an apparent continuation of 
the branch of the second quadrant, (ii) an apparent continuation of the branch of the fourth 
quadrant, (iii) a separated branch containing (-1, - 1). Untractable questions of irrationality 
make doubtful the existence of any actual solutions in the third quadrant other than (—1, — 1). 
If any exist, they are on the branches above noted and are of the following types. On (i) a; is of 
type (C) and y of type (£), on (ii) x is of type (£), and y of type (C); on (iii) x and y are each of 
type (C). 

A real evaluation of f(x, y) = x« + y* - xy is only possible for both x and y rational, so far 
as points of the above graph are concerned. A study of f(x, y) on the points of the graph shows it, 
even if existent, very far from zero, except as the origin is approached on branches (i) and (ii) 
in the third quadrant. 

519 (Geometry) [September, 1917]. Proposed by OTTO DUNKEL, Washington University. 

Given the conjugate axes A'OA and B'OB of an ellipse, points of the curve may be con- 
structed as follows: Drop the perpendicular BM' to OA and produce it to N' so that BN' = AO. 
Draw a straight line through and N'. Upon a straight edge, say that of a slip of paper, the 
points N, M, and P are marked so that NM = N'M' and MP = M'B. Place the straight edge 
so that N falls on ON' and M on OM' and mark the position of P. This gives a point of the 
ellipse and by sliding the straight edge into new positions other points may be rapidly obtained. 
If the axes are perpendicular this gives the familiar trammel construction. Prove the correctness 
of this construction. 




I. Solution by F. H. Safford, University of Pennsylvania. 

Let the axes of coordinates be taken along OA and OB, calling OA and OB, a and 6, respec- 
tively. Then for P, x is OK and y is KP. From the given conditions, MP = M'B = 6 sin «; 
hence, from the triangle MKP, (if a = z KMP), 
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(1) y — KP = MP sin a/sin w = 6 sin a. 

Also JVM = N'M ' = a — b sin w, and from the triangle 
ONM, OM = NM (sin a cot 0+cos a). From triangle 
ON'M', cot e = OM'/N'M' = 6 cos <o/NM .: OM = b 
sin a cos a + JVilf cos a = a cos a — 6 sin (a — a). 
From triangle MKP, MK = MP sin (u — a) /sin « =6 
sin (w — a). Hence, 

(2) * = OM + MK = a cos a. 
Thus (1) and (2) are the desired (parametric) equations 
of the locus of P. 

II. Remarks by the Proposer. 

The part of the above proof following (1) can be shortened somewhat thus: Draw the straight 
line NBS perpendicular to OA, and join P to S. Then NM/NP = N'M'/N'B = NB/NS and 
hence RM is parallel to SP and also x = OK = SP. It now follows that x = PN cos a = a cos a. 

The problem may also be treated geometrically as is done in Rouch6 and Comberousse, 
TraitS de GSomitrie, deuxieme partie, 8e eel., 1912, pp. 341-345. 

332 (Mechanics) [October, 1916]. Proposed by E. E. MOOTS, University of Arizona. 

A correct wording of this problem is given in 490 (Geometry) [May, 1916], a 
solution of which, by A. M. Harding, was published in February, 1917. 

198 (Number Theory) [November, 1913; June, 1919]. Proposed by the late ABTEMAS 

MARTIN. 

Prove that every even number is the sum of two prime numbers. 

Note by R. C. Archibald, Brown University. 

This is Goldbach's empirical theorem and the conjecture appears in a letter to Euler dated 
June 7, 1742 (Corresp. Math. Phys., ed. Fuss, Vol. 1, 1843, p. 127). The first published statement 
of the theorem was by E. Waring in his Meditationes Algebraicce, 1770, p. 217. E. Haussner 
verified the law for numbers up to 10000 (Jahresberieht der Deutsehen Math. Verein., Vol. 5, 1896, 
62-66), and E. Maillet proved that every even number ^ 350000 (or 10* or 9 -10 s ) is, in default 
by at most 6 (or 8 or 14), the sum of two primes {L'lntermidiaire des mathematiciens, volume 12, 
1905, p. 108). These notes are taken from L. E. Dickson's History of the Theory of Numbers, 
volume 1, 1918, where the complete history of the theorem may be found on pages 421-425. No 
proof of this theorem has yet been discovered. 

201 (Number Theory) [December, 1913; June, 1919]. Proposed by B. T. BELL, University 
of Washington. 

Eisenstein proposed {Crelle, t. 27, p. 282) as the simplest of several problems: "In the expan- 
sion of 

1 + z + z 2 + • • • + z"- 1 ■ 
(1 - z)*" 1 ' 

where p is prime, to show that the coefficients of the various powers of z are all divisible by p." 



Solution by R. C. Archibald, Brown University. 



1 + z + z' + 



+ zr- 



(1 - z)"" 1 



- 1 = 



z" 



-1, 



(1 - «)» 

Multiplying the first factor of this product by the second factor, expanded, we have the desired result. 
For, in each factor the coefficients are integers, and p is contained in every coefficient of the first 

factor. 

Also solved by P. J. da Cunha, A. Pelletier, and Elijah Swift. 



